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SUMMARY

An experimental and theoretical study of the buckling of closely stiffened

cylindrical and conical shells under axial compression has been undertaken to

determine the influence of the stiffener geometry and spacing on the applicability

of linear theory. Tests on integrally ring-stiffened cylinders, in which the

spacing, cross-sectional area and eccentricity of the stiffeners is varied are

described. The bounds of general instability are first determined by an elementary

analysis of sub-shells and panels between stiffeners, in conjunction with "smeared"

stiffener theory. The interaction between stiffeners and shell is then investigated

with a linear discrete-stiffener theory. The experimental results are correlated

with theory and approximate design criteria are developed. Experimental results

and conclusions of other investigators are also discussed. The results of a test

program of integrally ring-stiffened conical shells are briefly discussed and

correlated with the results obtained for cylindrical shells.

The structural efficiency of closely stiffened cylindrical shells Is then

studied in view of the observed bounds of applicability of I;near theory.
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I. I NTROOUCT I ON

Closely stiffened shells are usually analysed by linear theory, with

fairly good agreement between experiment and theory. A closer look at the

experimental verification of linear theory shows that the agreement is

good for closely and heavily stiffened shells whereas It Is poor for

mode,'a;e or sparse stiffening.

This Is especially noticeable In the case of the worst "offender" of

classical buckling theory - the cylindrical shell under axial compression.

The very large discrepancies between experimental and theoretical buckling

loads observed in unstiffened cylinders motivated extensive study of the

problem (see for example EI] or [2] ) as well as a major effort to stabilize

the shell by internal pressure, stiffening or sandwich construction (see

for example [3] ). The dqsigners also developed empirical "knock down

factors", that were revised as the number of tests increased and summarized

In various empirical formulae (see E4) - E6] ). The axially compressed

cylinder is therefore very suitable for study of the validity of linear

theory in stiffened shells. A study of conical shells under axial compression

may lend additional support to the results obtained In cylinders.

For many years the usual approach to the.stability analysis of a stiffened

shell was to replace It by an equivalent orthotropic shell (see for example [7J

L3J or [93. Such an approach, however, does not permit taking Into account

the eccentricity of stiffeners. As stiffeners became heavier, the Importance

"of these eccentricity effects, observed already earlier [10 and [I11, was

reaized and their influence studied.
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Our group at the Technion has In recent years studied the behavior of

stiffened cylindrical and conical shells with a linear iheory that includes

eccentricity effects (see [121,C13] and [14] ), For cylindrical shells, the

main merit of this theory, in which the stiffeners are "smeared", or "distribut-

ed" over the entire shell, lies in its'simplicity t has led to its adoption

also by other investigators, in particular at NASA ( for example [15] and [16]

and at Lockheed (for example [17] ). For conical shells this theory, [18] and

[19], though less simple is manageable and even permitted some optimization

studies [13] and [20],

These studies and their conclusions are, however, meaningful onlv if linear

theory pcedicts the buckling load adequately and if the discreteness of the

stiffeners has no noticeable effect. The second problem is the easier cne, since

it can be attacked by a linear discrete-stiffener-theory Previous investigators,

[21], [22] and [23], have shown that for ring stiffened cylindrical shells the

discreteness effect is of importance only when the number of rinqs is very small,

but eccentricity was not taken into account by them and stringers were not

considered. Hence a more detailed discrete-stiffener analysis seems warranted:

The first problem - the adequacy of linear theory is more formidable and

can be conclusively settled only by tests, The investigators differ in their

opinions, In 1962 Van der Neut [22] considered, on the basis of a logical

expected reduction in imperfection sensitivity, " that linear theory is adequate

for the investigation of general instability of stiffened shelis", Recently

Hoff [3] has pointed out that " it Is perhaps premature to state that the smell

IL
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displacement theory Is rigorously applicable to reinforced shells" and

Hutchinson and Amazigo [241 have presented Inperfection sensitivity studies

to " Indicate to what-extent the classical buckling results can be consider-

ed reliable".

Gerard and his group developed a linear theory for orthotropic cylindrical

shells C9] and E251 and then embarked on an extensive test program [25J and

[261 to show that linear orthotropic theory is adequate. Already In 1962 they

pointed out the remarkable agreement of the buckling load under axial compression

for Pugliese's Integrally machined ring-stiffened cylinder, tested In 1959

E27J, with linear orthotropic theory. Their later tests on carefully manufactured,

and one can add beautiful, ring-and stringer-stiffened cylindrical shells [27-

supported their contention of the adequacy of linear theory for closely stiffened

shells. From one aspect, however, these otherwise excellent tests are inadequate -

they were too closely stiftened. As the width of the stiffeners equalled the

distance between them, they represented really thick cylinders with longitudinal

or circumferential slots rather than stiffened thin cylinders. One cannot, there-

fore, rely on these tests to settle the problem of applicability of linear theor

for reinforced cylindrical shells. A similar difficulty arises with another

series of excellent tests in which Garkish [28] investigated the pronounced

eccentricity effect that appears in longitudinallystiffened cylinders under axial

compression. Here the stiffeners are back to back 'L" sections, and the width

of unstiffened skin is only 1/10 of the total width of the stringer.



-4

Another series of tests on Internal ring-stiffened cylindrical shells

[29], though primarily concerned with buckling under hydrostatic pressure

loading, includes some tests with predominant axial loading that support the

adequacy of linear theory. As thesA tests, however, are for shells of rather

low (R/h) values, about 250, and 1 3 wall thickness of the relevant specimens

exhibit variations of up to + 36% and - 27% of the weighted average, they are

not included in the discussion,

Three series of careful tests of stringer-stiffened cylinders present

Important evidence for evaluation of the applicability of linear theory. Card's

tests with heavily Integral-stiffened shells [30], the tests by Peterson, Dow,

Card and Jones on more moderately stiffened shells, [31] and [16], and Katz's

tests on large scale moderately stiffened cylinders [32]. Card's tests are by

now the "classical" evidence of validity of linear theory for heavy stiffening

and the importance of the eccentricity effect. Katz's tests are equally important

when they are judiciously correlated with linear theory, as they give some in-

dication on the stringer area required for linear theory to become valid. Some

recent tests on ring-stiffened cylinders reported by Almroth [33] and a stringer-

stiffened cylindrical panel tested by Len'ko [34] are additional evidence for

the discussion.

It may be pointed out, that in stiffened shells the boundary conditions may

be even more important than in isotropic shells, since two additional effects

have to be considered. The eccentricity of the applied axial load ( or end moment

effects) may be important here [35], [32] and [36], and the in-plane boundary

conditions have different effects on internal and external stiffeners [37].
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If one now concurs with van der Neut's clnion nnd feels " that linear

theory is adequate for closely spaced stiffene.s ", und turns to the

experimental evidence for support, one cannot discern the Influence of the various

geometrical parameters on the applicability of linear theory. A primary aim of the

present investigption Is to bring forth the predominant parameters. Answers are

needed to the questions what is "closely stiffened" and how "heavy" have ttiffeners

to be.

The problem Is not only one of validity of a theory. Since the main stability

contribution of stiffeners In cylindrical and conical shells under axial compression,

be they rings or stringers, is the raising of the buckling load to the classical one,

the problem is one of structural efficiency. The question of how heavily does It pay

to stiffen has also to be censidered.
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2. THEORETICAL CONSIDERATIONS

The discussion in the present paper is limited to ring or stringer-

stiffened shells. Other forms of stabilization, such as internal pressure,

sandwich construction, corrugated skin, 45° waffle-stiffening and orthotropic

materials are not considered, though they may be of equal practical importance

and hence Justify serious study. The stiffeners are considered to be rigidly

joined to the shell and the conclusions apply therefore best to Integrally

stiffened shells. Furthermore, stiffeners are here considered to be of the

same material as the shell though the theory can easily accommodate different

materials (see for example E141 or [161) and different materials may some-

times be more efficient, for example E38J.

2. I. Ring-Stiffened Cylindrical Shells

A ring-stiffened cylindrical shell under axial compression may fail in

two forms of instability, local buckling of the sub-shell between the rings

or general Instability of the stiffened shell as a whole. One type of general

instability - buckling as an Euler column - occurs only in very long shells

and may usually be excluded. In both forms of Instability axisymmetric or

asymmelric modes may occur, depending of the geometry of the shell. Further-

more, there may be a noticeable restraining effect of the rings on the local

buckling and there may be interaction between the two forms of instability

that may lower the general instability load.

An elementary linear analysis of the buckling of an axially compressed

ring-stiffened cylindrical shell considers the sub-shell separately as a
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simply supported isotropic shell and then examines the general instability of a

shel, relnforced by the "distributed" or "smeared" stiffeness of the rings.

The classical formula for a simply surported isotropic cylinder

P = E3(l-v 231-1/ 22wh 2E (1)

assumes no restrictions on the wave length parameter [(n 2 + 2 )2/n2], see for

example [39] or [40J, and hence may not apply to the short sub-shells. Indeed

for Z' = (1-v2 )l/2(a2/Rh) < 2.85 the sub-shell buckles into an axisymmetric

pattern with one axial half-wave, n = I, for which

P cr = Pct D[ + (12Z 2/W4 )3/0.702 Z1 (2)

For Z' slightly above 2.85, linear theory predicts an asymmetric patter with r = I,

till Z' is sufficiently large for an axisymmetric mode with n = 2, and then with

further Increase in V an asymmetric pattern will again appear with n = 2, and so

forth, The accompanying fluctuations in 'uckiing load are, however, negligible [413.

Contrary, however, to the large discrepancies between experimental and theoretical

axial buckling loads universally observed for moderate length isotropic cyl!nders, tests

on very short cylinders exhibit fairly good agreement with linear theory, see for

example Fig. 4 of E63, Figs. 6 to 8 of [42- or Fig. 8.7 of E43]. The axisymmetric

buckling pattern of the short shells is-probably the main reason for their "linear"

behavior, for the axisymmetric mode, also referred to as "ring-buckling" by some

investigators, has a stable post-buckling behavior that makes it insensitive to
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imperfections, see [8]. The more pronounced influence of rotational restraint Is

the second reason. Consideration of the limiting case of Euler flat plate

behavior, for Z -.0, in which clamping raises the buckling load 4 times, or

examination of the curves in [44] emphasize the importance of the boundary con-

ditions for short shells.II
S>'ce for a clamped cylindrical shell no closed form solution is avail-

able even in linear theory, only an approximate estimate of the sub-shell

geometry that ensures an axisymmetric buckling mode can be made. With aid

of the second approximation of the Galerkin solution of Donnell's equations

by Batdorf, Schildcrout and Stein [44] it is found that when Z < li.6 the axi-

symmetric buckling pattern predominates, Though the rings, however heavy, will

never represent fully clamped conditions, an indication of an upper bound for

possiile "linear" behavior of the sub-sihells is thus obtained. In view of the

recent work on the effect of the secondary boundary conditions (see for example

[45] or [46J),consideration of the "classical" simple supports and clamped ends

only out of the possible 8 and conditions may seem incomplete. For the short sub-

shells however, the rotational restraint is the prime boundary effect, [45] and

[37] though the RF 4 B.C. (in the notation of [45])extends its influence to much

larger Z Than the "classical" RF 2 B.Co [16].

The elementary analysis, therefore, immediately yields a conservative

criterion to ensure local "linear" behavior. By taking "classicall'simple supports

as the weakest practical boundary conditions of the sub-shells one obtains from
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ZI = (I-v2)1 2 (a2/Rh) < 2.85 (3)

for safe ring spacing

a 2.85(1-v 2 - 1/R/h)] 1/ 2  (4)

Since "linear" behavior extends also a little beyond the axisymmetric range, Eq.

(4) is rather conservative.

One may note that a recent imperfection sensitivity study [33], which

concludes that very short cylinders are insensitive to initial imperfections, lends

further support to the expected "linear" behavior of the sub-shells.

The rings actually provide elastic rotational restraints that stiffen the sub-

shells also within the framework of linear theory. The rings can provide two types

of restraint: resistance to twist if the sub-shell buckles non-axisymmetrically and

the cross-secticns of ring resist rotation one.relative to the other, or resistance

to "rolling over" of ring that subjects the ring to out of plane bending [41].

The rings usually offer more restraint to twist than to "rolling over" which promotes

the tendency towards axisymmetric buckling.

These rotational restraints are usually neglected in buckling analysis of

cylindrical shells, though they were included in Reynold's careful study of ring

stiffened she!ls under hydrostatic pressure [47], where appreciable restraint
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was observed (6 to 18% stiffening of sub-shells with Z from 27 to 10 and

R/h of about 100). Here, the effect of the rotational restraints wili be

analysed by a simple one-term Rayleigh-Ritz approach, that is an extension

of earlier studies on the effect of axial restraint [48] and [49]. The

details are given in Appendix A. The restraints are expressed as non-

dimensional spring coefficients. For torsional resistance the spring

coefficient is

(kT/ER4 ) GJ/ER4  J/2(l+v)R4  (5)

where kT = GJ Is the torsional moment per twist per uni length (hence the

2
dimensions of kT are FL ) and J is the torsional constant of the ring cross

section. The effect of the torsional restraint appears in the final expression

of the buckling load

(P /Eh) = 2 1 [nB 2 + t2]2

cr 12(v )(R/h) n202

+(R/h) n 2 + (k /ER4)2t2 (R/h)2(R/L)

Cn 2 1 + t j T

(6)

as usual, the integer values of t and n that make P a minimum havecr

to be chosen. ( A more precise analysis, an extension of the "discrete

stiffener" theory [50] with emphasis on local buckling when the torsional

stiffness is not neglected, Is also in progress at the Technion).

H



For resistance to "rolling over" in the axisymmetric buckling mode the

spring coefficient is, as in [41",

2kR = (ETR/R) (7)
R R

where IR Is the moment of inertia of the cross-section for the 6entroldal

axis In the plane of the ring. It may be noted that for rings of rectangular

cross-section, as shown in Fig. I, of a given area A2 1 
1R and hence kR is

larger the smaller tho eccentricity le2/hI. The buckling load is given by

(P /Eh2) 2w { n CR/h) + (kfF (8)!2(1rv vR/h) n

As the torsional restraint, when effective, is usually one order of

magnitude larger than the restraint to "rolling over", the latter is neglected

In the asymmetric buckling mode.

In the case of unrestrained sub-shells general instability can occur

within the framework of linear theory, only when the sub-shells are in the

short " axisymmetric mode" range, Z' < 2.85 where Pcr is given by Eq. (2).

oTherwise the unstlffeneo sub-shell will always buckle locally at a lower

load than the whole stiffened shell, as the critical load, according to Eq.

(I) does not depend on the length of the shell. The rotational restraint

determines therefore an upper bound to the ring spacing by the requirement

that
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g general instability P Plocal restrained (9)

It may be noted that in most of the specimens tested In the present program

the influence of the rotational restraintwas found to be very small. As an

example of a noticeable influence of the rotational restraint three of the

ring-stiffened shells of [33J are considered. In Table I the geometry of the

shells and sub-shells are given. For simple supports (zero rotational restraint)

an asymmetric local buckling pattern shouid annear, coltimn (I). The heavy

rings, however, offer considerable torsional resistance and hence in calculations

of Pcr from Eq. (6) t * 0 or, in other words, the sub-shell is forced to buckle

axisymetrically, column (2). The resistance to "rolling over", that was not

taken i6to account in the asymmetrical mode, has to be considered now, yielding

column (4). It is seen that Prest.axisym> PGs' the "smeared" general in-

stability load, and that even Paxisym. column (2),not considering the resistance

to "rolling over", Is not less than P Gs column (6). This example shows that

by forcing the sub-shells to buckle axisymmetrically when Z' > 2.85, the

torsional resistance of the rings increases the safe ring spacing given by Eq.

(4). Hence heavier rings, especially with high torsional stiffness, may be

advantageous. Note also in Table I that the test results are not far from the

predicted buckling loads.

A linear theory analysis for general Instability of stiffened cylindrical

shells under axial compression is given In [14]. It is shown there that with

inside rings non-axisymmetric buckling will occur and the positive eccentricity
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will lower the buckling load below that for centrally placed rings. With out-

side rings, however, the Increase In buckling load that would result from the

negative eccentricity if the shell were to buckle In a chess-board pattern is

not realized, since the shell now buckles In the rIng-shape pattern which Is

unaffected by ccerntricity and yields a lower buckling load.

For class!cal simple supports, the 1-4inear theory general Instability load

of a stiffened cylindricai shell under axial compression can be obtained C14J

from

Cl(-n dan) + C2(-2t2 - bnt3) + (I + n ol)n 44 + (2 + ntl + nt22)n2 t +

+ (1 + no2)t1 + bnt) + vnBan - (n2 2 /2) a 0 (10)

where A Is a non-dimensional axial load parameter defJtfed by

X (PR/,D) a I2(1-v2 )PR/wEh 3  (II)

oIl 02 nol' no2, nt, and nt2 are the changes In stiffnesses due to stringer and

frames and Xl, X2 C, and C2 are the changes in stiffnesses caused by the

eccentricities of the st-Ingers and rings as in [12] or C14.

For a ring-stiffened shell with outside rings, that buckles In the axisymmetric

mode, Eq. (10) simplifies considerably, and when there are many waves in The axial

direction, permitting n to be trea+ed as a continous variable, the general in-

stability load can be computed from the simple formula
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-'4-

P [31-v 2)J/2 2wh 3 EEl+2(A/ah)]l/ 2 UP c[+( 2/ah)] 1/2 (12)

In passing, It may be pointed out that the reduction In buckling for

Internal rings may be offset if the rings have high torsional stiffness, as

then less energy will be absorbed in the axisymmetric buckling mode, that Is

unaffected by eccentricity, than in the non-axisymmetric mode that involves

torsion of the rings. Some computations for a typical shell (L/R = 0.5,

R/h = 500, A2/ah = 0.5, 122/ah", e2/h = 5 and v = 0.3)show (see Fig.2) that when

qt2 > 15 the shell buckles axisynimetrically with an accompanying Increase

of 14.7% in the general Instability load, or - in other words - complete

recovery of the reduction due to internal placing of the rings. For the

typical shell considered, n = 15 can be obtained in practice ( for a ring

spacing of a/h = 40) by rings of tubular cross-section with a diameter of

about 7h and a wall thickness of h.

In order to investigate the effect of discreteness of the rings, the

buckling of ring-stiffened cylindrical shells is analysed by a linear

"discrete" theory, Instead of being "smeared", the rings are now considered

as linear discontinuities represented by the Dirac delta function but other-

wise the analysis is similar to that of [14]. It may be noted that 'the delta

function representation of rings has been employed by other investigators,

C51], [21] and [23], but without consideration of the eccentricity of the

rings. The details of the method used here, that is based on the formulation

of [52], are given in [50], where also extensive parametric studies are d;scussed
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The analysis yields two sets of equations

- q-I

bmim + CmiCm + E 1 (Bii n + YiICn) sin sin
n= I =1 q q

f q- 1 mi i nuw
bm2Bm + Cm2CM + ' (12 n + Y 12 C) sin q

n=l 1=1 q -

mil n(lmnCn Cos q Cos q O (13)

where bml Om2, CmllCm2DBliOi2 , Yil Y12 and Simn are expressions, Involving

shel and ring geometry as well as wave numbers, defined by Eqs. (9) of [50].

The buckling load is found from the vanishing of the determinant of Eqs. (13).

It should be pointed out that the Dirac delta function representation is

satisfactory only as long as the width of the stiffeners is not comparable to

the distance between them, Hence it could not be applied, for example, to the

very closely stiffened shells of [26], and its reliability becomes doubtful

in any shell with very wide stiffeners.

Though for buckling under hydrostatic pressure appreciable load reductions

were found in E50j Tor discrete rings, the discreteness effect was always

found to be very snost for ring-stiffened cylinders under axial compression. A

similar conclusion was reached in [23] for orthotropic ring-stiftened cylinders

by an analysis that did not take ring eccentricity into account. For com-

pleteness,however, the "discrete" buckling load, in addition to the "smeared" one

Is computed for some of the test cylinders.

Hence, If the rina-soac!ng and the rotational restraint due to rinqs

ensure axisvmmetric local bucklinq and if the rinqs are placed on the out-

side or have hiqh torsional stiffness to coirensate for internal nlacing, an

initially stable axisyrretric qeneral instdbilihry should dominate and tes ts should

aqree well with predicted huckliwi loads.
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2.2. Stringer-Stiffened Cylindrical Shells

A stringer-stiffened cylindrical shell under axial compression may again

fall in two forms of instability, local buckling of the panel between the

stringers or general instability of the stiffened shell as a whole. Axi-

symmetric buckling modes will occur, In both forms of Instability, only for

shor shells, and hence has to be considered only in the case of stringer-

stiffened shells reinforced also by strong rings. The present discussion

is therefore limited to asymmetric modes, that include for general instabil Ity

the n = I or "longitudinal" buckling modes mentioned in [26J and E53J. There

may be an appreciable restraining effect of the stringers on the local buckling

and there may be interaction between local and general instability.

Theelientarvanalysis again separates the consideration of buckling of

the panels between the stringers and the study of the general instability of

the "smeared-stringer" shall.

The buckllng and initial post buckling behavior of cylindrical panels

has been studied by Koiter [543 for stripgers that exert no rotational restraint

on the panel. In the absence of restraining effects of the stringers except

the rndlal one, the panel will buckle in the same mode and the same critical

stress as the corresponding complete unstiffened cylindrical shellprovided

the ancle between the equally spaced stringers *o satisfies

I0
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*0 >, I/m

where

m =(/2)[120-1

as is well known (see for example [40] or [543 ). When *o < n/m the panel

is called narrow and will have a critical stress above that of the

corresponding unstiffened cylinder. If a measure of the total curvature is

introduced as in [54].

m"o [12(1-v2 1I/ 4  -I1/2
0 -= b (Rh) (14)2Zw

the critical stress can be written

2
'cw wE (h)2 4 I

With 8 defined by Eq. (14) the width of the panel

b = Reo  = 8R(x/m) 0 < 1 1 (16)

and the stiffeninc of the panel due to "narrowness" is therefore

(°cr narrow panel (1/2)(l + 64) (17)
(o )
cr complete ylinder

Hence "narrowness" of the panel between stringers of a longitudinally

stiffened cylindrical shell is somewhat analogcous to the "shortness" of the

sub-shell In a ring-stiffened shell and the stiffening of Eq. (17) is of a

I
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similar nature to that given in Eq. (2) for sub-shells.

The "narrowness" of the panel has, however, an even more Important

influence on the buckling load carried, than the stiffening predicted by

linear theory as given by Eq. (17). A wide panel, 0o >, r/m, buckles as a

cylinder, and hence the large discrepancies between experimental and

theoretical (linear theory) buckling loads observed for unstiffened cylinders

will also appear in wide panels. The low buckling loads of axially compressed

cylindrical shells are due primarily to their unstable post-buckling behavior.

By investigating the initial post-buckling behavior of narrow panels and the

effect of Initial imperfections.Koiter [54J showed that e is a suitable para-

meter for estimation of the expected "linear" buckling behavior of the panel.

For perfect panels, the change from stable ,, plate type" behavior to unstable

"cylindrical shell type" behavior occurs aT 6 2 0.64 for prescribed load. Since

the post-buckling tangent changes Its direction rapidly after the transition

(see Fig. 3 of E54])stiffened cylinders with 8 < 0.64 are advisable for pre-

dominance of general instability. Note that for a shell with (R/h. = 1000, say,

8 = 0.64 corresponds to a stringer spacing (b/h) = 70 and that for 8 0.64

the "linear" stiffening, due to the "narrowness" of the panel, is 1.42.

The limiting value of e = 0.64 Is, however, a conservative value since

Koiter's analysis assumes zero torsional constraint. The finite torsional

stiffness of the stringers will raise the limiting 0, i's already pointed out

by Koiter, and will also stiffen the panel within the bounds of linear theory.
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An approximate estimate of the "linear" stiffening due to the rotational restraint

of the stringers can be obtained from an analysis of the buckling of elastically

restrained plates £55) in conjunction with an analysis of a clamped long curved

panel C56]. A more precise analysis, that is an extension of the"discrete

stiffener" theory of C50], Is now being carried out at the Technion.

The general instability of the "smeared-stringer" stiffened cylindrical shell

under axial compression Is discussed in detail In [14). For classical simple

supports PGs may again be computed from Eq. (10), and PGs clamp for "classical"

clamped shells (RF. 2 boundary conditions) can be calculated from Eqs. (24) of

[14) or for RF 4 boundary conditions from Eq. (AI4) of [16). For other boundary

conditions the method of [37) can be applied. Slightly less accurate methods for

calculation of the general instability are also given In [57) and [58). !t should

be pointed out that In the case of stringer-sTiffened shells very apprecitble

eccentricity effects appear and the boundary conditions affect the bt.ckling loads

considerably.

The effect of the discreteness of the stringers can again be investigate.

by a linear "discrete" theory in which the stringers are considered linear dis-

continuities represented by the Dirac delta function. The analysis of [50) has

been extended to stringer-stiffened shells and calculation3 are in progress.

Preliminary results indicate that for thin shellsof practical dimensions the

discreteness effect is negligible. This is not surpriing on account of the

large number of stringers required to prevent local buckling.
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3. EXPERIMENTAL INVESTiGATION OF STIFFENED CYLwaORICAL SHELLS

Since the adequacy of linear theory can be reliably ascertained only by test,

one has to turn to experiments if one aims at definition of some bounds of

applicability of the theory. in this paper the experimental program is only

briefly described, and details are given In £59].

3.1. Test Apparatus and Procedure

In order to be able to test specimens of !arge (R/h) ratios, the load frame

employed earlier in tests on conical shells [20) and [60] was modified to accomm-

odate the cylindrical shells. The load frame and the test set-up is shown in Fig.

3. The load Is applied by two hydraulic Jacks, controlled from an Ansler universal

testing machine to a beam that moves a central load-transfer shaft with a thrust

bearing on which the lower supporting disc fits. The upper supporting disc reacts

against a load cell (or two load cells In series) that records the actual load

a0plied to the test specimen. Motion along the vertical axis is presorved by a

guide pin and mating sleeve fixed to the upper and lower supporting discs (except

In two tests in which the sleeve was removed). To prevent friction due to

misallonment of the load-transfer shaft a ball was introduced hetween the beam and

the shaft.

Strain gages were distributed over each specimen. Usually, 38 qages were

bonded to each shell, except some soecimens with only 24 paqes and one shell with

48 gages. The strain gages served to assist in the detection of incipient

buckling and to check the symmetry of loadinq. 5 r 12 qaqes were ditributed
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around the circumference at each vertical location. Strain measurements were

recorded on a B & F multi-channel strain plotter.

The specimens are not clamped to the supporting discs. They are just

put on the lower disc, which has a low central location platform with a clearance

of .bout h, and the similar top disc is just put on top of the specimen. To

prevent ona moment effects, see [323, [35] and [36], the end rings of the specimens

have ridges of width h that represent a continuation of the shell, see Fig. 5a.

The boundary conditions are therefore not far from classical simple supports, probably

somewhere between SS3 and SS4 (in the notation of [45]).

The dimensions of the shells are carefully measured before each test. The

thickness is measured at about 300 points for each shell (for specimens MZ 5 - 18

the measurements were taken at least twice by di.ferent operators) and the stiffener

dimensions were checked with a special gage for 4 shells at about 200 localions.

Out-of-roundness is measured at 5 vertical stations prior to each test after the

shell is in position. The maximum out-of-roundness A [61] was not computed from

the readings since in earlier tests on conical shells (see [62], [60] and [20])

Its significince could not be discerned. Correlation between out-of-roundness and-

strain readings was, however, studied for all specimens.

.2. Test Specimens

18 integrally ring-stiffened cylindrical shells were tested in the present

test program. The dimensions of. the shells as defined in Fig. I are given in Table 2.

The specimens were machined from AISI 4130 steel alloy drawn tubes with a !/4"

wall-thickness. The mechanical properties of the material, and in particular E, were

measured on 8 specimens cut out from the tubes before machining (both in the longitudinal
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and circumferential directions of the tubes), as well as on 16 specimens cut out

from the shells after failure in buckling, The average mechanical properties

found (with only slight scatter) were those that appear In the literature. The

average value of Youngts modulus found is E = 2.0 x I0 kg/m 2 (or 28 5 x 10 psi),

the usual value of 4130 steel, and the yield stress c > 50 kg/mm2 (or 71000 psi),YP

is considerably above the buckling stresses. Polsson's ratio is taken as v = 0.3.

In the interest of precision, the machining process is divided into stages,

In the final stages the shell is mounted ci a special "cooled" mandrel. This mandrel

is made of cast aluminum with a high silicon content and has the shape of a reservoir

with many fins around its inner surface (see Fig. 5b). The mandrel is fitted with

special centering pivot. Liquid air poured into the reservoir of the mandrel cools

it appreciably and as a result its diameter contracts 0.4 mm, enabling the shell to

slide onto the mandrel. After returning to room temperature the shell sits well

on the mandrel and permits accurate machining. After completion the shell is removed

from the mandrel by another liquid air "cooling" and a second shell is immediately

mounted,

This technique, combined with extreme care in the machining and continous Measure-

ments, has resuited In precise specimens in which the deviation of thickness (the most

sensitive dimension) of the sheil does not exceed 5% of the average in the worst case

and is usuaily within 2,5% The accuracy of the height of the rings d iL similar to

that of the thickness, whereas larger deviations occur in the width of the rings c.

Differences of up +o'6 from the nominal width were measured, but these could, at worst,

lead to an error of less than 3" :n the compu+ed buckling load,
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3.3. Ring Stiffened Cylinders

Table 2 presents the important geometric parameters of the 18 ring-stiffened

cylindrical shells tested, as well ds tne experimental and calculated buckling

loads. The dimensions of the specimens have been chosen to yield the largest

feasible (R/h) ratio and an average of 660 was achieved. The mean shell wall thick-

ness is given in thousanaThs ot a mm in the table, but though the thickness was

measured in thousandth of a mm, the last figure is reliable only within * 0.002 mm.

The ring spacing is chosen small enough for the sub-shell to be in the axi-

symmetrical range, or slightly above it to ensure local "rlng-buckling"behavior.

Except in shells Nos. MZ 3 and 4, the local shell geometry parameter Z? < 2.85.

In shells MZ 3 and 4, however, tne torsional stiffness of the rings is sufficiently

large to force the sub-shell to buckle axisymmetrically in spite of Z' > 2.85.

This is the same behavior as observed in the examples of Table I, and indicates

that Eq. (4) is a very conservative criterion and may be exceeded, provided the

rings possess adequate torsional stiffness° The linear theory buckling load for

very short shell exceeds the classical "moderate-length" buckling load appreciably,

see Eq. (2). Hence for shells Nos. MZ. 5, 6, 9, 10, 13, 14, 15, IP, 17 and 18 local

buckling is remote, in Shells Nos. MZ. I, 2, 3, 4, 7, 8, II and 12, on the other

hand, local buckling may be possible since, even after taking into account the

resistance to "rolling ove-" (which is small in the test specimens - of the order of 1%)

the local buckiing :oad is slightly below the general instability load. In general, in

the shells which here fkoey to buckle locally, the local buckling load was close enough

to the general instabilitv -o make detection of local buckling behavior in the tests

hardly feasible,
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The general stability load is computed for some shells also by the "discrete

theory" of [50J, although the difference between "discrete" and "smeared"theory

amounts here only to about 1% or less. The "discrete" general instability loads

are not given for shells Nos. MZ. I, 2, 3, 4, 7, 8, II and 12 since they are beyond

the "cut off point" for which locbi buckling dominates (see also [503).

At first sight, one may wonder why the ring spacing was not kept very low In

all specimens to ensure predominance of general instability. As the aim of the

present study was, however, to find the bounds of "linearity", the nominal design

dimensions for some shells were intentlonaily chosen to be In the "doubtful"

region. As a result the local buckling load nearly coincides with Prs In some of the

shells. In Table 2, the experimental buckling loads for shells Nos. MZ I, 2, 3, 4, 7,

8, II and 12 are also correlated with the predicted local buckling loads. In the

discussion, however, the correlation for all shells is for the general instability load

that is of primary inte-est.

Before turning to the buckling loads carried by the specimens, one may discuss

their observed buckling behavicr. Figures 4, 6a, 6b, 7a, 7b and 8 show typical

shells before and after failure. For all the shells, buckling occurred suddenly, and

was rather violent In some. Visually, only the large displacement diamond patterns were

detected. In shells MZ I - 14 they chanqed rapidly into typical plastic deformation pattern

with sharp yield hinges. In some tests "tra.velling" of the diamond patterns could be seen

momentarily, but in general the pattern appeared practically simultaneously around the

whole circumference. The large :nertia of the ioading system is probably the main cause

of the violence of the buckling process. In Shells MZ 15 -18, a distance tube was in-

corporated to arrest the displacements much ea-lier, when tne axial shortening was aporox-

imately 3 times the linear prebuckling one, Most of the piastic deformation was thereby
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eliminated, as can be seen by comparison of Fig. 8, which shows a buckled shell when

the arresting tube was in position, with Figs. 4, 6 and 7 +hat depict the results in

absence of an arresting device. In Shells MZ 15-18, the buckles practically disappeared

upon release of load. Repeated ioadinq, however, resulted in much lower buckling loads

that indicate thit some plastic deformation had originally taken place° Strain gages were

attached to the arresting tube for cont-ol of possible load sharing (due to insuff!cient

clearance) before buckling., However, no trouble of this type was encountered.

The buckling pattern is fairly uniform in most specimens, eycept some helical

"climbing" of the diamonds in some shells, somewhat reminiscent of buckling patterns

observed in pressurized unstiffened cylinders,see [8] or [42]. No axisymmetrica! buckling

patterns were observed even for shells that supported 95 percent of the linear theory

bucklrng load PGs (in some of the ring-stiffened conical shells, discussed in Section 4,

ring tickling was observed, but only for very heavy rings). It may, however, be possible

that an axisymmetric pattern appears before the deformations become large, similar to the

very shallow ripples indicating incipient buckling that were observed ir, pr>Ssurized

cylinders [42]. Such an initial, briefly occuring axisymmetric pattern would fit the

predictions of orthotropic theory [8] or [26].

Some Dreliminary attempts to obtain photographic records of the buckling process in

order to obtain more information on the initial buckling are shown in Figs. 9a and 9b,

These tests were carried out at night and the shells were not illuminated. The shutters

of the two cameras were therefore kept open during each loading step (about 60 seconds).

Flashlights were then triggered by contact, set at predetermined distances to produce

the photographs. Though these attem .s were not very successful,further similar investiga-

tions with more sophisticated instrumentrtion may provide more insight into the buckiing

process.
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In passing, it may be of interest to mention one rather surprising in-

sensitivity to imperfections,noticed accidentally during the tests. Shell MZ 7

was damaged upon removal from the mandrel. The damage was a small hole and a badly

distorted area of a few square centimeters around it. Surprisingly, however, the

buckling load of the specimen was not noticeably affected, and p was practically

the same as that of a similar undamaged she!! MZ 8 (see Table 2)oThis example ;ends

additional support to the claim for ow imperfection sensitivity of externally ring-

stiffened cylindrical shells that resul+s from the present test program.

The strain gages that "covered" the specimens proved to 5e excellent indicators

of incipient buckling. In spite of the suddenness of the actual buckling, most of the

gages showed signs of near-buckling. Hence buckling could sometimes be predicted from

the gages during the test to within 5% of the load. From the strain gage readings

Southwell plots could readily be made for most specimens. The computations follow the

method proposed in [62] and the mean of the "perfect shell" buckling loads are given in

Table 2. The intercept method [62] was also applied but was found to be less reliable,

The results support the claims of Horton and his associates, [63] and [64], with regard

to the applicability of Southwell's method.

An additional interesting preliminary result of the extensive use of strain gages

is the spread over the shell of the indication of incipient buckling. One does not

notice isolated ;ocal indications of near-buckling, but the gages become "lively" at many

locations simultaneously. In Table 3 the count of the direction of deviation of the strain

gages just before buckling is given according to horizontal rows of gages. The rows extend

over complete circumferences and have 6 or 12 gages each, IT can be seen that, with few

exceptions, the deviations in each row are unidirectional, indicating axisymmetric deform-

ation. With some stretching of the imagination one could "see" in These widespread
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indications of Incipieni buckling the initial axisymmetric pattern that is missing,

or some confirmation that initial buckling has a complete periodic pattern as most

theories assume and which the usual diamond pattern contradicts! Obviously, more

substantial evidence is needed before one could make a definite claim, but it is an

interesting thought. In one attempt to provide more evidence, the "Southwell loads"

obtained from strain gages at various locations were compared. Figs. 16 and 17 show

"good" examples - in which the "Southwell loads" at locations far away from the final

buckling pattern location were similar to those near it. In Fig. 18 a "bad" example

is shown in which the dista,,t gages predict higher buckling loads. In most of the

shells studied, however, the results seem to be encouraging.

One additional " behavior pattern" was studied - the correlation between initial

out-of-roundness and strain gage readings. Figures 13 and 14 again show a "good"

and a "bad" example. The studies produced no conclusive answer to the problem of

prediction of the quality of a shell from its initial out-of-roundness. It appears

from the present and similar previous studies, [62] and [68], that there is only a

statistical answer.

The primary purpose of the present test series was to confirm the validity of

linear theory for analysis of stiffened cylindrical shells and to obtain bounds on the

stiffener parameters for upholding this validity,, The ratio p = (Pexp/PGs), also

referred to as "linearity", is therefore the primary criterion. For the present tests

p is given in Table 2.

Two of the stiffener geometry parameters, the ring area ratio (A2/ah) and the ring

- 3
spacing (a/h) should predominate. The eccentricity (e2/h) as well as ( 22/ah ) do not

affect the buckling of a shell with external rings,at 'east in theory. Hence p is

plotted against (A2/ah) in Fig. 10 and against (a/h) in Fig. Ii. The p obtained
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from three ring-stiffened shells of [33] and fr')m some of the shells of [26], given

In Table 4, are also plotted for comparison in the figures. A tendency towards a

slightly lower p for ring area ratios below 0.2 appears in Fig. 10, and there seeins

to be no additional gain for (A2/ah) > 0.4. There is also a tendency towards a lower

p with increasing (A/h) in Fig. II, offset only by the three shells of [33] which,

however, have much heavier rings that restrain the sub-shell appreciably, as has already

been discussed. One of the attempts to arrive at a combined parameter is shown in Fig. 12,

The values of p obtained in the present tests and in the experiments of other investigators

on integr;, ring-stitfened cylindrical shel!s show that linear theory can be considered valid

even for reiatively weak rings, provided the ring spacing is not large enough to promote

premature local buckling. The applicability of linear theory for ring-stiffened shells under

axial compression appears to be similar to that under external pressure or torsion. How-

ever if one carries out structural efficiency studies (see Section 5) one finds that only

light rings are advantageous.

3.4. Stringer-Stiffened Cylinders

A series of tests on stringer-stiffened cylinders of similar dimensions to the ring-

stiffened cylinders tested has been initiated and will be reported separately [59], The

discussion will hence be limited to an evaluation of the tests of other investigators [16],

[30], [31], [32] and [34], given in Table 5.

The measure of "linsarity" p is again plotted versus the two primary stiffener

geometry parameters, area ratio (AI/bh) and spacing (b/h) in Figs. 19a and 19b. In the

3case of stringer-stiffened shells, however, the eccentricity (eI/h) and (1 l/bh ) are very

important and their influence requires turther study, Furthermore the boundary conditions,

in particular clamping, are here more important (see for example [4], [16] or [57]), Hence

the test results of [30] and [31], where the boundary cond;Tions approached clamped ends;
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are compared instead of with PGs with PGs clamp and an arbitrarily chosen partial

clamping [(I/3PGs + (2/3)PGs clamp1. The comparison with PGs cIamp is conservative

since clamping is not complete.

Kolter's 0 is also given in Table 5, It is below tl.- limiting value 0.64 tor

all but two shells, and indeed gen "al instability predominated in all the tests

collected in the table, More tests near the limiting value are however needed

The results show that linear theory is also applicable to integral stringer-

stiffened cylindrical shells, except for very weak stringers and wide stringer-

spacing, In Fig. 19, the decrease in 0 with increase in (b/h) is pronounced.

Heavy stringers show higher "linearity". Preliminary structural efficiency studies

(see Section 5) point, however, towards weaker stringers. Further study of the

relation between (A /bh) and (b/h), as well as the Influence of (eI/h), is therefore

needed.

3.5. Further Remarks on Stiffened Cylindrical Sheils

Recent imperfection studies [24] maintain that the reliability of linear theory

for stiffened shells is doubtful for certain types of stiffening and shell geometries

due to increased imperfection sensitivity. For ring-stiffened cylindrical shells, and

in particula- for shells with outside rings, Hutchinson and Amazigo [24] expect that

the "shells may buckle at axial loads which are well below the classical buckling loads"

The results of the present tests and those of other investigators discussed in sub-

section 3.3, do not support this prediction. As for stringer-stiffened cylinders tested'

In [16], [30], [31] and [32] these can be classified as light to medium stiffening in

the definition of Fig. 3 of [24]. The geometries of the shells tested ( their Z) fall
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in the range, in Fig. 3 of [24], where imperfection sensitivity effects for out-

side stiffening should not be severe. This may be the reason for the high P

values found in the evaluation of these tests. In Garkishts recent tests [28],

cylinders with outside stringers buckled at loads that were appreciably below the

prediction of linear theory. However, as the Z of the specimens puts them in a

range in Fig. 3 of [24] where the imperfection sensitivity effects are hardly in-

fluenced by eccentricity, these low results do not lend support to the contention

of [24], and are due to other causes. Therefore one can also conclude for stringer-

stiffened cylindrical shells, although with less certainty, that tests to date do

not verify the fears of [24].

The "knock-down factor" as p is sometimes called, is much larger for integrally

stiffened shells than for unstiffenrid ones. If one compares scsie of the "knock-down

factors" commonly used with the p found in tests of integrally stiffened shells,

one finds those factors very conservative. In Table 6 the experimental p's of [32],

[34], [30], [26] and some of the present shells are compared with pef f obtained by

different methods. First 0eff is computed by the methods of [2] and [3], based on

Koiter's theory, with h replaced by heff as defined [3] for stringer stiffening

(heff/h) = I + (c/b){((Ill/bh3 ) + (Al/bh)(el/h)2 [l + (AI/bh)]-2 I 12(Al/bh)-}

(18)

and by a similar expression for ring stiffening. peff is also calculated by Pfluger's

formula, Eq. (20), In which h is replaced by heff of Eq. (18). Then heff and Peff

are computed by Eqs. (23) and (24) of [67], used at Lockheed Missiles and Space

Company. Finally, (R/h)eff is calculated by the method proposed in [66] and P ffis

then found from Pfluger's formula for this (R/h)eff' It is seen that Peff is con-

siderably smaller than p found in tests of closely and integrally stiffened shells,

usually about half.
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4. RING-STIFFENED CONICAL SHELLS

Before the present test program on cylindrical shells was initiated, a similar

test program on ring-stiffened conical shells was carried out at the Technion, which

continued parallel to the present program. The details of the conical shell program

are reported in [20] and [68]. Only the main results are given here to support the

conclusion arrived at for cylindrical shells.

The test set up for ring-stiffened conical shells is shown in Fig. 20. The axial

load Is applied Jlrectly In a 30 ton "Amsler" universal testing machine and the test

arrangement is similar to that for'cylindrical shells. The boundary conditions are

different, however, since the cone. 3re clamped in fixtures as explained in [20] and

[68]. The test specimens were machined fron, 17-7 PH steel blanks that are first shear-

spun to form thick cones. The accuracy of the machined shells was of the same order

as that of the cylindrical shells, though slightly less - the thickness variations were

up to t 5%. Figs. 21, 22 and 23, reproduced from [68], show typical ring-stiffened

conical shells tested and their buckling patterns. The rings were much heavier in some

of the conical shells, up to (A2/a0h) = 3 in the shell shown in Fig. 23, and the heavier

rings promoted axisymmetric buckling as can be seen in the figure.

The test results on conical shells are compared in E20] and [68] with an approx-

imate formula for general instability of ring-stiffened conical shells which is

a combination of Eq. (12) for ring-stiffened cylinders and an approximate formula for

unstiffened conical shells proposed by Seide [69],
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Pcone = Pct s

where a is the cone angle. The final form of the approximate expression

is

PGs cone 2wh2E [3(1-v 2 - 1/2 [1 + A2/aoh] /2  s (19b)

and its valid!ty has been checked with the theory of [18] for some typical

shells.

In Fig. 24 the variation of p versus (A2a0 h) is shown for the shells

tested. It can be seen that above (A2/aoh) = 0.2 good "linearity" is

obtained and that little Is gained by Increasing the ring area ratio

beyond 1.0. Structural efficiency again advocates lighter rings. In Fig.

25 the results of the present tests on cylindrical shells are superimposed

on Fig. 24 and, although of slightly better "linearity", the cylinders fit

the trend of the conical shells well.

H
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5.. STRUCTURAL EFFICIENCY OF STIFFENED CYLINDRICAL SHELLS

The experimental study reported here and the work of other Investigators

that has been discussed show that cylindrical shells with closely spaced

stiffeners buckle at axial loads Rot far from those predicted by linear theory.

The next step is to study the structural efficiency of the stiffened shells to

find out how the closely stiffened shell compares with an equivalent unstiffened

shell from the weight point of view.

First, one has to establish a convenient standard.9f comparison. Since

the buckling loads of unstiffened axially compressed cylindrical shells are

much below the predictions of linear theory and no reliable theoretical

estimate is available, one his to rely on empirical formulae that show the

primary dependence of the buckling coefficient on (R/h). A very simple

formula has been proposed by Pfluger [5J for R/h > 200,

(PB/PC,) = I/[l + (R/lOOh) /11 2  (20)

that, in addition to its simplicity, has the additional merit - for the

purpose of comparison - of being unconservative for most test data. In Fig.

26 Pfluger's formula, Eq. (20), is superimposed on Fig. 3 of [6) that presents

test results obtained by 14 Investigators, and It can be seen that Eq. (20) Is

unconservative for practically all the shells tested. Hence PB from Eq.(20)

Is a suitable buckling load for the "equivalent" unstiffened cylinders with

which the stiffened cylinders are compared.
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For ring-stiffened cylindrical shells with outside rings, axisynwrstric

buckl Ing predominates and the simple formula for the general instabi IIty load,

Eq. (12), makes the comparison with the "equivalent" unstiffoned shell very easy.

If linear theory Is vislid

(-s/c [I + (A 2/ah)' 1/2 (21)

If only a fraction p of the "linear" load Is achieved

(PsPd p~l + A 2/ah)J"12  (22)

The thickness of the equivalent unstiffened shell (of Identical weight) Is

[I + (A2/ah))h (23)

and the buckling load of the equivalent shell Is given by

aP/c~ (9/h)2 El + (R/1009)3 9/ (24)

If Pfluger's empirical formula Eq. (20) Is employed. Hence the afficiency of

externally ring-stiffened cylindrical shells Is given by

PEAR + (R/100h D"2  
(5PGs/PB) ' 2 (5

AR

where

AR -a l+(A/ah) (26)

With Eq. (25) design curves can readily be drawn that give t~versus (RAh)

for various values of p and (A 2/ah). In Fig. 27 a typical set of such curves
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is presented. It Is immediately seen that even when only 60% "llnearityuIs

achieved, weak ring-stiffening is very efficient for thin shells (large R/h).1

or, In other words, thin shel s with many closely spaced rings (to prevent

local buckling) and external rings of small cross-sectional area carry axial

compression very efficiently.

For Internal rings, asymmetrical buckling occurs and Eq. (12) Is no

longer valid, unless the rings have very high torsional stiffness. The

critical load parameter A has therefore to be computed from Eq.(l0). Since,

from Eq. (II),

3 2P = A[wEh /12(1-v )RJ (27)
Gs

one obtains, after substitution of Eq. (I) for P the efficiency for In-

ct -

ternally ring-stiffened cylindrical shell as

PA ER + (R/lOOh)] I/2

hn" (28)

8[3(1-v) CR/h) AR'

where AR Is again given by Eq. (26). Design curves can then be drawn for In-

ternal rings. Internal rings will, naturally, be less efficient stiffeners than

external ones, see C14].

For stringer-stiffened cylindrical shells a similar expression can be obtained

for the structural efficiency,

1/2PX [A + (R/100h)"] 1 2 ()

i iO hA (29)

8C3(I-Vj CR/h) A2 S

where

s I + (A /bh) (30)

I
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Some typical design curves for external stringers are presented In Fig. 28.

Again the stiffening Is seen to be move efficient for lighter stringers and a

thinner shell, except for (R/h) below 500 where the efficiency may rise again

slightly as (R/h) decreases.

For optimization of the stiffened shell, be It stringer-or ring-stiffened, one

has to balance the likely "linearity" obtained for various st!ffener areas with

the q for the respective stiffener area and shell (R/n). From the present

tests and the results of other Investigators, the range of 0.2 < A2/ah < 0.5

appears most promising for rings and 0.3 < AI/bh < 0,8 for stringers, provided,

obviously, that the stiffener spacing is small enough to eliminate local

buckling.

Figures 29 and 30 show this for the ring-stiffened shells of the present

tests and for tests of other Investigators. The curves for 10% efficiency are

obtained from Eq. (25) which for n I Immediately yields

p 2 CA + R/lO0h 1I/2  (31)

Further study Is neoded for bettr definition of these ranges.

I
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6.CONCLUSIONS

The present tests and the results of other investigators discussed lead to the

conclusion that linear theory is applicable to integrally ring-and stringer-stiffen-

ed cylioidrical shells under axial compression, provided the stiffeners are closely

spaced. Applicability of linear theory means here that buckling loads can be estimat-

ed with the same reliability as say for unstiffened cylindrical shells under external

pressure, Small design factors for imperfections of up to 30% are not excluded, but

the customary lirge "knock down factors" are absent even for weak integral siliffenqng.

Hence stiffene, eccentricity effects and optimization studies based on linear theory

may be relied upon.

Structural efficiency studies, which include the reduced "linearity" observed in

tests, show that even ring-stiffening is advantageous under axial compression. The

domir nt geometrical parameters that determine the "linearity" are the stiffener

spacing and stiffener cross-sectiona! area. Ring spacing that ensures axisymmetric

local buckling, or stringer spacing with Koiterts 0 < 0.64, will give the required

predominance of general instability; and stiffener cross-sectinal area that yield

0.2 < (A2/ah) < 0,5 for rings, or 0.3 < Al/bh < 0.8 for stringers, appear most promising

from the structural efficiency point of view.

The strain gage recordings in the tesis suggest that the initial buckling pattern

covers the whole shell and differs basically from the final visually observed pattern.
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APPENDIX A

EFFECT OF ROTATIONAL RESTRAINTS

The analysis is an extension of that given in [49] for axial restraints. The

effect of rotational restraint Is tuund approximately by a Rayle!gh-Ritz approach,

using the displacements of the unrestrained shell. The rotationai restraints are

assumed to come into action only at onset of buckling - type (b) restraints in the

classification of [49]. Two forms of rotational restraint are provided by the

rings: resistance to twist, if the sub-shell buckles non-axisymmetrically, and

resistance to "rolling over" that appears also in axisymmetric buckling. Since the

torsional restraint0 when effective, is usually much larger than the restraint to

"rolling over", the latter is neglected for asymmetrical buckling.

Note that in the appendix the displacements and coordinates are written u, v, w, x

instead of u , v w , x and the origin Is at the midlength of the shell or sub-shell

of length L.

For uniform axial compression, the additional total potential energy (after

buckling occurs) of a thin cylindrical shell with elastic .otational restraints due

to torsiona! resistance oT the rings kT is:

2)12 L/2 f

U + V =hER/2I-v2  / f U,+ (V /R) - (w/r j
o -L/2 U

-2(I-v) {u x[(V 1/R) - (w/R)] - (1/4)[(u I/R) + v x]} 1 dxd# 4-

3 2w L/2 2
+ [h ER/24(I-v')J f " 'w + (R )W 1w

o -L/2 ,xx
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+ EvW X + (W /R 0A 2) + [2(l-v)/R 2 }# dxd* -

2w L/2 2 2w 2 (l
-(P/4w) f f (w #x)dxd# + k/)fC 1 x /2Id#()

o -1/2 0~+k.R fE d

00

:}at x = tL/2 WA)

Acylinoder under-uniform axial compression may buckle In an axisyainetrical

pattern or in a more general form. For the more general buckled shape, the

displacements functions

u = A. sin t4 sin (mix/I) where

v = B cos t# cos (mwx/L) m = Is 3, 5... WA)

w = Cm sin t# cos (mix/I) t = I# 2, 3s.

satisfy the boundary conditions, Eqs. WA), and are admissible,

Substitution of the assumed displacement functions, Eqs. (A3), into the

total potential energy expression Eq. W~) and minimiz,%tion with respect to t-he

free parameters yields the usual stability determinant from which Eq. (6) of

Section 2 is obtained.

For axlsynwnatrical buckling the last term of EQ. (Al), representing the

elastic restraint, has to be replaced by

Rk R f( / d# (M4)
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the strain energy absorbed by the "rolling over" mechanism of the rings. The

corresponding displacement functions are

u - Am sin (uiwx/L)

v a 0 (A5)

w a Ccos (mwx/L)

and the stability determinant that results from the minimization yields Eq.(8)

of Section 2.

Note that vhe Eqs. (6) and (8) are applied to the local buckling of a ring-

stiffened shell, L represents the length of the sub-shells, denoted "a" 015-

where.

,-
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TABLE 2.

RING-STIFFENED CYLINDRICAL SHELLS - DIMENS'OCNS OF SPECNMENS ,D RESULTS

R - 175.6 L = 200 nm

Shell Mean Thickness Number P1  PG.s. P'G.s. Pdiscr
No. Thickness Deviation a a/h R/h ot e2/h A2 /ah ah3 Z L Apox. [141 n

hs* Rings unstiffeed

Emml Conn] E13 Ckg3 rkg] Ckg]

MZ - 1 .283 -(.01)+(.02) 10 35.3 62) I -2.2S .535 .568 1.92 6090 7540 7580 le -

2 .280 -(.0I)+(.01) 10 35.7 627 17 -2.32 .546 .604 1.94 5960 7410 7430 18 -

3 .285 -(.01)+(.02) 15 52.6 616 II -2.31 .361 .393 4.29 680 7210 7230 18 -

4 .284 -(.01)+(.02) 15 52.8 6,8 iI -2.30 .359 .366 4.30 6130 7150 7170 18 -

5 .274 -(.01)+(.02) 7 25.6 64: 25 -1.56 .373 .148 .97 5710 6690 6690 19 66

6 .253 -(.02)+(.02) 7 27.7 694 25 -1.68 .405 .i87 1.05 4870 5770 5770 19 57

7 .268 -(.02)+(.02) 10 37.3 655 17 -2.06 .373 .301 2.03 5460 64^0 6410 18 -

8 .258 -(.02)+(.02) 10 38.8 681 17 -2.04 .370 .293 2.1, 5C60 59 1 5920 19 -

9 .281 .(.01) (.02) 7 24.9 625 25 -1.29 .271 .057 .95 60G0 t " 6780 l8 -

10 .281 -(.01)+(.01) 7 24.9 625 25 -1.29 :271 .057 .95 6000 C.7.) 6780 I -

il .271 -(.01)+C.01) IC 36.9 648 17 -1.34 .?02 .048 2.00 5580 6120 6130 18 -

12 .270 -(.01)+(.01) 10 37.0 650 17 -1.33 .198 .045 2.01 5540 6070 6080 Is

13 .246 -(.01)+(.01) 7 28.5 7t4 25 -1.77 .435 .235 I.O 46C0 510 5510 20 54

14 .236 -(.01)+(.01) 7 29.7 74A 25 -1.12 .211 .027 1.13 4230 4660 4660 ;9 4f

15 .249 -(.01)+(.01) 8 32.1 705 22 -!.0! .165 .014 1.40 4710 5090 5090 Is 5C

16 .295 -(.0I)+(.0I) 6 27.1 595 22 -0.88 .123 .006 1.18 6620 7010 7030 17 7(

17 .255 -(.01)+(.02) 8 31.4 689 21 -1.38 .264 .068 1.36 4940 5560 5560 18

18 .245 -(.02).(.025) q9 32.7 717 21 -1.57 .328 .130 1.42 4560 5260 5260 19

C In the test of shell MZ - I a dynamic load was introduced inadvertently and hence it is not considered a

valid test point.

The last figure In h :s only apiroximate

Shell Z 18 had more pronounced non-unIfomltles In thIckness than the other test specimens



L - 200 r/ L z 1.14 v 0.3 E - 2 x IO
4 
kIg:/

Zf PCA pG S. P'G.S. Pdiscrete PLoc. FLoc. Pexp texp tiers Pex; ,exo Pexpunstiffened Appox. f14] n S.S. correclea SouthweII P-

fcr"Springs" s

Ekg] £kg) rkgJ lki93 [Lg Ek91 rkg

!.92 6090 7540 7580 1e - 6560 t640 506G 9 2 - .670 .762

1.94 5960 7410 7430 18 - 6400 6490 6260 4 2 6570 .844 .965

4.29 6180 7210 7230 18 - 6100 6760 5q00 9 6470 .818 .872

4.30 6130 7150 7170 18 - 6660 6720 5r40 9 3 6560 .830 .884

.S7 5710 6690 6690 19 6683 9340 "90 L370 '3 2 6390 .877

1.05 4870 5770 5770 19 572C 7480 750 4510 12 2 4790 .781

2.03 5460 6400 6410 18 - 57e0 56 0 4670 12 2 - .729 .801

2.11 5060 5920 5920 19 - 3 5320 44?(1 12 2 5240 .746 .831

.95 6000 6770 6780 18 - 130 10""' 5780 12-13 2 - .854

.95 6000 o770 6780 18 - 10330 10061, 6260 13 3 6980 .925

2.00 5580 P120 6130 is - 5q3o 195f 550 13 3 5920 .841 .866

2.01 5540 6070 6080 18 - 5870 5 O 4401 13 3 4710 .724 .747

I.06 4600 5510 5510 20 5453 6930 6960 5370 13 2 57. .952

1.13 4230 4660 4660 19 4650 6180 6200 3140 12 2 3430 .673

J.40 4710 5090 5090 18 5070 5960 5980 3850 14 2-3 - .757

1.1a C620 7010 7030 17 7020 9360 9380 5q50 14 3 6380 .848

1.36 4940 5560 5560 18 - 5350 6380 4650 16 3 4810 .837

1.42 4560 5260 5260 19 - 6710 6740 3630 15 2 3960 .691

ce it is not considored a

st specimens



TAILE 3

STRAIN GAGE DEVIATIONS AS INDICATION OF AXISYP44ETRIC INITIAL BUCKLING

CIRCUMFERENTIAL GAGES AXIAL GAGES

Shell Gage Nos. Count of Deviations Gage Nos. Count of Deviation
No. (Rows) TensIon Compression (Rows) Tension Compression

kZ-2 25-30 6 1-12 12
31-36 6
37-42 6
43-48 6

MZ-3 25-30 6 1-12 If
31-36 2 4
37-42 4 I
43-48 4 2

MZ-4 25-30 I 4 1-112 12
31-36 6
37-42 5
43-48 6

MZ-5 25-30 4 1-12 5 5
31-36 5
37-42 6
43-48 6

MZ-6 25-30 I 5 1-12
31-36 6
37-42 4
43-48 3 2

2-0 25-50 6 I-Iz 4
31-36 6
37-42 6
43-48 6

mZ-9 25-30 2 4 1-12 I 10
31-36 6
37-42 6
43-48 6

MZ-I 25-30 6 1-12 3 8
31-36 I 2
37-42 3 I
43-48 6

MZ-II 7-12 6 19-24 6
13-18 6

MZ-12 25-30 5 i-1i2 '
31-36 6
37-42 I I
43-48 6

MZ-13 13-18 5 I 1-12 II
19-24 6
25-30 2 4
31-36 I 5
37-42 3 1
43-48 6

MZ-14 1-6 3
7-12 5

13-18 6
19-24 5 1

MZ-15 1-12 ' 2 8 19-24 4 2
13-18 6 25-30 3 3

MZ-16 1-12 8 2 19-24 5 1
1,-18 5 25-30 4 1

MZ-17 1-6 5 7-12 4 I
13-18 5
19-24 2 4

MZ-18 1-6 6 7-12 4
13-18 6
19-24 6

NOTE: Gaqe Numb,3rs refer to Nos. on B A F recorder 9nd hence numbering is usually not
cont inuous.
In some cases not all the qaqes showed noticeable deviations.



TABLE 4

"LINEARITY" OBTAINED IN TESTS ON PING-STIFFENED CYLINDRICAL SHELLS BY OTHER
INVESTIGATORS,

Investigator Shell R/h A2/ah a/h e2/h Z2 2 /an3 PGs pexp 0-Pexp/PGs
No. [Ib] [Ib]

MILLIGAN 5 373 .347 i0.9 - .877 .0169 4880 3720 .762
et al [26]

9 314 .175 9.2 - .690 .0021 6410 5180 ,808

20 404 .447 11.8 - .968 .0226 4320 4460 1.032

32 384 .410 li.2 + .914 .2830 3990 4740 1,188

33 667 .878 19.5 +1.386 .0031 1340 1480 1,104

ALMROTH [33] Al 395 .878 57.0 +3.00 1.83 17060 15300 .897

A2 384 .900 55.6 +2.93 1.70 17950 14880 o829

A3 415 .834 60,0 *3,16 2,13 15400 15030 .1)76
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FIG. 3. TEST SET UP FOR STIFFENED CYLINDRICAL SHELLS UNDER AXIAL
CO .:PPE'SS 1O'I.
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FIG. 4. SPECIMEN MZ 2
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FIG. 8. SPECIMEN BUCKLED WITH AXIAL DISPLACEMENT ARRESTING TUBE IN

POSI TIOm MZ
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MZ 6
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FIG. 9a ONSET OF 8IJCKLING - SHELL MZ 6.
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FIG 9b. ONSET OF BUCKLING - SHELL MZ 10.
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FIG 15- CRRLATON F w AND STRAIN READINGS FOR

TYPICAL CONICAL SHELL.
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o CARD [30] & [16] COMPARED WITH Pos clamp

CARD W & [16] COMPARED WITH [!l%+-Ps clamp]
0. KATZ [32] 3 3

. LENKO [34)
A MILLIGAN ET AL. [26]

1A

I.- A
"1.2 AA<z:Z

w

, 1.0 A"

A 0 08w

Ole 0
0.6- )m

0.4-
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0 I . 1 I I I

0 02 0.4 0.6 0.8 1.0 12 .A
A11bh

FIG. 19a "LINEARITY" OF STPINGER-STIFFENED 
CYLINDRICAL SHELLS AS

FIiNCTION OF (A I/bh).



1.8 0 CARD [30] & [16] COMPARED WITH Pos clamp

A CARD (30] & [16] COMPARED WITH [lP,+2 clamp]

01 KATZ [321 3 PTo
LENKO [34]

A MILLIGAN ET AL. (26]
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1.2- AA
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0.6 - \ 00
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FIG. I Qb "I. I IEARITY" OF STI ,,rCR-STIFFEU') CYI. I'I; CA.L SHtELLS A
FUIJCT01 OF (hgh)
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FIG. 23. SYMMETRICAL BUCKLING PATTERNS IN HEAVILY STIFFENED CONICAL SHELLS.
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